Definition. We If we put the point 0 infinitely far away in a certain fixed direction r, radial convexity becomes "convexity in the direction r" (cf.
[l] p. 187, [2] p. 192). We may consider that O is the origin of R" 1 • Throughout this section let F be a closed orientable hypersurface of class 2, which is radially convex in the strict sense. We denote by F 0 a subset of F given by (the "Schattengrenze" of F), where ;, . ; = (:r1, · · ·, :r" 1 ) is the position vector of F and n is the normal unit vector of F.
We obtain a mapping p* = cp(p) from F onto itself, if for any point p on F we take the ray from 0 through p and choose the second intersecting point p* on F (if the ray is tangent to Fat p, i.e., pEF0, let cp(p)=p). We are to show that cp is a regular centralprojection of class 2, which reverses the orientation.
It is clear that cp is bijective and cp 0 cp=id, that is, cp-1 =cp. We have to prove only the continuity in oder to show that cp is a homeomorphism (and therefore a centralprojection). For this purpose we consider first a local mapping n P for PE F.
Let Sn be the unit n-sphere around 0 and be oriented with the outer normal vector. F and S" are given by ;,.; = ;,.;(u1, ···, u") = (x 1 (u'), ···, x" 1 (u')),
respectively. Let n be a mapping n: F__,,S" expressed by n((:r1, ···,x'" 1 )): =(:r1, ···,x"' 1 )/P, 1. e., x" = p 1 .C 1 , where P is the function of class 2 on F given by
1. e., the distance between p and 0. P(P)*O for all pEF, so n is well defined all over F and of class 2. Since x 1 (P)*O for at least one il, we can assume now .:c 1 (p) > 0 without losing generality (after a suitable rotation of the coordinate axes, if necessary). It follows that also x 1 (ir(p))>O, so we can take (x2, · · ·, x" 1 ) as a local coordinate of S" at ir(p), preserving the orientation, that 1s, ii=xt;i for i=l, ···,n. Let J be the functionaldeterminant of ir. The differentiability and the regularity of cp comes out now directly from the radial convexity of F in the strict sense (cf. footnote 2) in [3] ). Therefore cp is a regular centralprojection of class 2 from F onto itself. In oder to show that cp reverses the orientation of F, we consider next two connected subsets
a(u)
We construct a continuous function ¢ on F by The gradient of the function n 6 of class 1 on F is not equal to zero at p E F0• Because the vector 6 (p) lies in the tangent plane of F at p, i.e., 6 (p)=(i 6 i(p), and differs from any asymptotic direction atp, i.e., ljk(p)ajak=tO. Since the i-th component of Grad(n 6 ) is (111-t= -lkiak, so (11 6 )i(p)=tO for at least one i, i.e., Grad(n 6 ) (p) is not equal to zero. Accordingly any neighbourhood of p posesses a point, at which tt 6 =tO, namely the point of F-F0, that is, F0 has no inner point (and so F -F 0 =t O and F and F are not empty). We can therefore choose a sequence {p,,} on F-F0, that converges to p. Since 9 is continuous, the sequence {9(p,J} converges to 9(p)= p. If we construct a sequence {q,,} by c72n 1 : = p,,, Cf2n: = 9(Pn), it is convergent to p, and because of 9(q2,, 1) =q2,,, one of q2,, and CJ2,, 1 belongs to F and the other to F . Therefore p is a boundary point of both F and F, that is,
In the same way oF C F0. Therefore F0 is the common boundary of F and F .
Let u=(ui) be the local coordinate at pEF0• Since Grad(n 6 )(p)=tO, we assume now (ni.;)n =t O at p. Then F0 is given by n 6 (ui) = 0, and because of (ni.;)n(P)=tO, this is equivalent to u"=lz(u1, ···, u" 1 ) in a suitable neighbourhood U of p, where h is a function of class 1. We introduce a new parameter B does not include points of both ·v(F n V) and v(F n V) at the same time. Since Grad (ni;) (p) =;i= 0 for p E F0, 11); exchanges the sign in a neighbourhood of pEF0• Therefore it follows that ni;>O on one of F and F , and ni;<O on the other.
Let PE F-F0 and p* = 'P(P)-'P is given in a suitable neighbourhood W of p by 'f!=rr,,! 0 rr 1 ,. Since 'P maps F, and F mutually onto themselves, one of p and p* belongs to F. and the other to F, and so (ni;) (p) and (ni;) (p*) have different signs. Accordingly the functionaldeterminants J(p) and J(p*) of 'Irv and rr,,. at p and p* respectively have different signs, because the sign of J(q) depends only upon (n~)(q) for qEF-F0• Therefore the functionaldeterminant of rr / 0 1r 1 , has the negative sign, that is, the sign of the functionaldeterminant of 9 is negative on F -F0• Since 9 is everywhere regular, i.e., the functionaldeterminant of 9 is nowhere zero, it is negative all over F because of the continuity. Hence 9 reverses the orientation of F. So we have proved the following lemma : 2 Proof. We prove following the proof of Theorem I in [3] . F and P are given by
which hold a centralprojection T: F-----,.p_ Let T be of class
respectively. If we exchange "n-ft" of the formula (1. 5) in [3] for "n+ ft", we obtain
cl(n+n,~,cl~, ···,d~)=(n+n,d~, ···,cl~)-(~,cln+cln,cl~, ···,d~) (b)
Then the formulae (1. 6) and (1. 7) in [3] are exchanged for
respectively. From (b), (c), (d) and the Formula of Stokes we have
where r = ~ r If we assume here that rH1(p)= -rH1(T 1 ,) for all pEF, then so that ll= -h. Therefore
o =~in= UrJJ-11) = -f~(p1)-f(x1n) = -f;(p1)
for i = l, .. ·, n, and the "Schattengrenze" including no inner point, it follows that _[; = 0, i.e., f = const. Accordingly the hypersurface F is given by fX with positive constant f, and so 11 = it, which is contradictory to n = -h.
Q.E.D.
In the case of parallelmappings this conclusion is not true. Because, if
we exchange "ii-n" of the formula (9. 5) in [2] for "ii+n", we obtain
Assuming -H1 = Hi, we obtain
Since clA-cL1 does not hold a fixed sign, we cannot conclude 11= -lt. § 3. A Closed Hypersurface with 1·.Jf1 = r. Proof. According to Lemma 1 there exists a regular centralprojection \D of class 2 from F onto itself, which reverses the orientation. Let F be a hypersurface which is identical to F except the orientation, so that the mapping \D : F------" F preserves the orientation. By exchanging the orientation of F H 1( p) = -{fi(p), and so it follows that rH1(p) = -rH1(p). Since \D: F-F satisfies the assumption of Lemma 2, there exists at least one point pEF such that rH1(p)cf:.-rH1(\D(P))=rH1(\D (P))=rH1(P*).
Q.E.D. Proof. The conclusion comes out immediately from Theorem above and the footnotes 10) and 11) in [3] . Since an n-dimensional ovaloid is a closed hypersurface with the positive (or negative) definite second fundamental form, which is the boundary of a bounded convex set in R." 1 , the following is verified without difficulty ; if an ovaloid has O outer side, it is radially convex with respect to O in the strict sense; if it has O inner side, it is star-shaped with respect to 0. If O lies on an ovaloid, then rH 1 = () at O and it cannot have constant reduced mean curvature.
Corollary. Let F be a closed orientable hypersu1face of class
Q. E. D. In the case of a closed curve C in R. 2 , the analogous definition of radial convexity in the strict sense (we call C radially convex in the strict sense, zf C is radially convex and further Grad(n 6 ) (p) * 0 for (11 6 ) (p) = 0 p EC) and the integral formula (t+t) 6J= ~ t(t+f)2ds+ L(rk+rk)(':Hn)ds bring the analogous conclusions.
